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Abstract 

We introduce a new method which enables us to calculate the coefficients of 
the poles of local zeta functions very precisely and prove some explicit formulas. 
Some vanishing theorems for the candidate poles of local zeta functions will be also 
given. Moreover we apply our method to oscillating integrals and obtain an explicit 
formula for the coefficients of their asymptotic expansions. 

1 Introduction 

The theory of local zeta functions is an important subject in many fields of mathematics, 
such as generalized functions, number theory and prehomogeneous vector spaces. By the 
fundamental work [T5] due to Varchenko, we can find a subset P of Q<o in which the poles 
of a local zeta function are contained (see Section [3] and [lj etc. for the detail). After this 
pioneering paper [18] many authors studied the poles of local zeta functions. However, to 
the best of our knowledge, there is almost no paper which calculated the coefficients of 
these poles explicitly in a general setting. Note that in a remarkable work (7] Igusa could 
calculate these coefficients when the local zeta functions are associated to the relative 
invariants of some prehomogeneous vector spaces. He calculated the coefficients by using 
some group actions. 

In this paper, we propose a new method which enables us to calculate the coefficients 
of the poles of local zeta functions as precisely as we want. The key idea is the use of a 
meromorphic continuation of the distribution 



e v\W) (l.i) 



(/i, l2,...,l n E M >0 and m 1 , m 2 , . . . , m n G K.+ = R>o) with respect to the complex param- 
eter A, which is different from the usual one used in the study of local zeta functions (see 
[lj etc.). See Section[2]for the detail. This meromorphic continuation is useful and enables 
us to get very precise information on the poles of local zeta functions. In order to state 
our results, now let us recall the definition of local zeta functions. Let / be a real-valued 
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real analytic function defined on an open neighborhood U of £ R n and (p £ C^°(U) a 
real- valued test function <p £ C^°(U) on [/. Then the integral 

Z/(v>)(A) = / \f(x)Mx)dx (1.2) 

converges locally uniformly on {A £ C | 9?A > 0} and defines a holomorphic function there. 
Moreover Zf(<p)(\) can be extended to a meromorphic function on the whole complex 
plane C (see [1] and [18] etc.). This meromorphic function Zf(tp) of A is called the local 
zeta function associated to / and ip. As is clear from the proofs of our results in this paper, 
by our method we can calculate the coefficients of the poles of Zf(<p) very precisely once a 
good resolution of the singularities of the hypersurface {x £ U \ f(x) = 0} is obtained. It 
would be possible to calculate them as precisely as we want by numerical computations. 
However, since the general formula (which is evident from our proofs) is involved, we 
restrict ourselves here to a generic case where the formula can be stated neatly. From 
now on, assume that the hypersurface {x £ U \ f(x) = 0} has an isolated singular point 
at £ U C R™ and / is convenient and non-degenerate (in the sense of Definition 13.21) . 
Let S be the dual fan of the Newton polygon r + (/) of / and E a smooth subdivision of 
Eq. Recall that £ = {a} is a family of rational polyhedral convex cones in R™ = R™ such 

that R™ = LUs °- For a cone ° in s let {aV), G V), • • • , a dima (a)} C da n (Z n \ {0}) 
be the 1-skelton of a. For each 1 < % < dima set 

UaHa))= min (aHa),a) £ Z+ (1.3) 

and 

n 

\a i (a)\ = J2 ai ( a )i eZ >°- ( L4 ) 

For < /c < n let £^ C £ be the subset of £ consisting of fc-dimensional cones. 

Definition 1.1. (see |IJ/ and JZ2j / ete.j Lei P C Q<o &e t/ie union of the following subsets 
of Q< : 

{-1,-2,-3, }, (1.5) 

I H fll ( ff )) K a (°)) J 

By the fundamental results of [18], the poles of Zf(ip) are contained in P. We call an 
element of P a candidate pole of Zf(ip). Let us order the candidate poles of Zf(<p) as 

P = {— Ai > -A 2 > -A 3 > } (Aj £ Q> ). (1.7) 

Definition 1.2. (%) Lei a £ E. For 1 < i < dimcr sitc/i i/iai I (a* (a)) > a'(o-) £ 

R™ ; we set 

K {a) = \wwr umo)) ' j c Q> °- (L8) 

(ii) For a candidate pole — Xj £ P of Zf(ip) and < k < n we define a subset o/E^ 
fry 

Sj. fc) = {o- £ £ (fc) | Z(a*(t7)) > and A, £ /T(tr) /or 1 < % < k}. (1.9) 
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(Hi) For o G and 1 < i < k we define a non-negative integer u(a)i G Z + by 

= k^ll+i^). (L10) 

i(0'(<7)) 

For the sake of simplicity, in this introduction we assume that — Xj G P is not an 
integer. Then it is well-known that the order of the pole of Z((p) at A = — Xj is less than 
or equal to 

kj := max{0 < k < n | sf } ^ 0} G Z+. (1.11) 

Let 

be the Laurent expansion of Zf((p) at A = — Xj. Then we obtain the following vanishing 
theorem which generalizes that of Jacobs in [8]. 

Theorem 1.3. Let 1 < k < fcj. Assume that for any a G £/iere exists 1 <i < k such 
that v{a)i is odd. Then we have aj t k(<f) = ■ ■ ■ = a^k-i^p) = 0- 

We can state also another vanishing theorem. In order to state it, let 

(p{x) = ^ c a x a (c a G R) (1.13) 

be the Taylor expansion of the test function ip at G £7 C M n . 

Theorem 1.4. For 1 < k < kj assume that {a G Z" | c a 7^ 0} fl A^fc = 0, where Aj t j. 
is a certain compact subset o/R™ (see Definition 3.1 ). Then we have aj^{<p) = ■■■ = 
Oi.fciCv) = 0. 

Moreover, for the coefficients %>(<£>) of the deepest poles A = — Xj G P we can prove 
the following explicit formula. For er G £j and a G Z" we define an integer [i(o~, a)i by 

/i(a, a)i = v{a)i - (a* (a), a) G Z. (1.14) 
Theorem 1.5. Assume that kj = n. Then dj jn (tp) is given by 

J /" l + (-l)^)i \ fflx( g ,q) 1+ - + M( g ,q)n A 

ck,\^ vii^)) xm*,«w ^^...^ JJctI 1 J 

x Seffi, ' (i.i5) 

a! 

where f a is a function defined in a neighborhood of G stzc/i i/iai / CT (0) 7^ (see 
Section\B\ for the definition) and for fi < we set Jpr(-) = 0. 
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Our results on the poles of local zeta function Zf(cp) also have some applications to 
oscillating integral If(ip)(t) (t G M) defined by 

I f (<p)(t) = [ e itf{x) ip(x)dx. (1.16) 

By the fundamental results of Varchenko [H] (see also [1] for the detail), as t — > +00 
the oscillating integral !/(</?)(£) has an asymptotic expansion of the form 

00 kj 

him - j2I2 c ^)t- x >(iogt) k -\ (Li?) 
3=1 k=i 

where Cj y k(<p) are some complex numbers. Despite the important contributions by many 
mathematicians (see for example p], [2], [6] and [17] etc.), little is known about the 
coefficients Cj^{t*p) of this asymptotic expansion. Here we can prove the following vanishing 
theorem. 

Theorem 1.6. (i) Let 1 < k < kj. Assume that Xj is not an integer and {a G Z" | c a 7^ 
0} fl Aj <k = 0. Then we have Cj^if) = ■ ■ ■ = Cj^ (f) = 0. 

(ii) Let 2 < k < kj. Assume that Xj is an integer and {a G | c a 7^ 0} fl Aj t k-i — 0- 
Then we have Cj t k(^p) = • • • = Cj,kj(<p) = 0. 

Moreover by Theorem 11.51 we will prove also an explicit formula for the coefficients 
c j,n(f) °f t~ Aj (logt) n_1 in the asymptotic expansion of If(<f)- See Section [5] for the 
detail. Finally let us mention that the method introduced in this paper would have some 
applications also in the study of p-adic local zeta functions (see [7J etc.). It would be a 
very interesting subject to study the twisted monodromy conjecture (see [13J for a review 
on this conjecture) by this method. 

2 Meromorphic continuations of distributions 

In this section, we prepare some basic results on the meromorphic continuations of the 
distributions x[^ +mi 4+ +m2 ■ ■ ■ x l ^ +mn (k G M >0 , m, G M + = M> ) with respect to the 
complex parameter A. In Section [3] and H] these results will be used effectively to study the 
poles of local zeta functions. First, let us recall the classical result in the 1-dimensional 
case (see [1] etc.). Let / G M >0 be a positive real number and m G R+. Then for 
(p G C£°(M) the integral 

/+00 /"+oo 
x l ^ +m <p(x)dx= / x lx+m ip(x)dx (2.1) 
-00 Jo 

converges locally uniformly on {A G C | 3?A > — ^y— } and defines a holomorphic function 
there. In other words, if 3ftA > — ^j^- the map t— > F + ((p)(X) G M. defines a distribution 
x a+m E Qn R> Let ug fix a tegt f unction ^ G Cg°(R). Following the methods in 

Gelfand-Shilov [B] we shall extend F + ((p) to a meromorphic function on the whole complex 
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plane C as follows. First take a sufficiently large integer N >> 0. Then for any A G C 
such that KA > - m j 1 we have 

r+oo 

F+(<p)(\) = / x lx+m ip(x)dx 
Jo 

/•I r N T r-1 

= / x— ^-E^Wt^w 

" /0 L r=l ^ >' 

+ r^w + £ (r _4?i +r) 

ZA+m d:r / ; ^ ( g _t) jV - 1 dt+ / x iA+ >(i)di 



X 

N 



, v ^~ 1)(0) 



J (r-1)! x Z(A + ^) 

/>1 /- + oo 

= / g N (\,t)<p( N \t)dt+ / t lx+m ip(t)dt 
N 1 

+ E ( r _ 1)lxt ( A+!y) «-ir^-'.^ («) 

where 5 G V'(M) is Dirac's delta function and we set 

f ^ 



g N (X, t) = jf x lx+m {x - t) N ~ l dx (2.3) 

for < t < 1 . The function g N (X,t) satisfies the following nice properties. 

Lemma 2.1. (i) For any < t < 1, gx{X,t) is an entire function of X. 
(ii) If$tX > — m+ ^ +1 then the function <7jv(A,£) oft is integrable on (0, 1]. 



By this lemma we see that the integral 



Jo 



g N (\,t)<pW(t)dt (2.4) 

converges locally uniformly on {A G C | 3?A > — m+ ^ +1 } and defines a holomorphic 
function there. Since the integral f^°° t lx+m (p(t)dt is an entire function of A, the function 
F + ((p) is extended to a meromorphic function on {A G C 3?A > — m +^ r+1 j with simple 

m+r -g 



poles at A = — ^±l ( r — 1 ? 2, ...,N). Moreover the residue of at A - 

given by 

Res(F + H;-^) = (r _ 1 1 )!xj ((-ir 1 ^- 1) ,y)- (2.5) 

Similarly set 

/+oo />0 
a^+^aOda; = / |x| ZA+m v9(a;)rfa;. (2.6) 
-oo J — oo 
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Then F_(<p)(\) can be also extended to a meromorphic function on the complex plane C 
with simple poles at A = — ^±r (j = 1, 2, ... , N) and we have 

Res(F_(^); -I^±I) = ^ T - 7 (5 (r - 1) , <p). (2.7) 

/ (r — 1)! x / 

This basic result in the 1-dimensional case can be generalized to higher-dimensional 
cases as follows. Let ip G Cg°(M n ) be a test function on MJ 1 . For positive real numbers 
hjh, ■ ■ ■ ,l n G M>o and m 1 ,m 2 , . . . , m n G M + we set 

G(^)(A) = f x[^ +rni x l £ +m2 ■ ■ ■ x l ^ +m "ip(x)dx (2.8) 

and 

. [mi + 1 m 2 + l m n + l\ 
L = _ mm j___,...,_j. (2 .9) 

Then this integral converges locally uniformly on {A G C | 3?A > L} and defines a 
holomorphic function there. By using the tensor product ® of distributions we can rewrite 
G(tp)(X) as 

G(vj)(A) = (4+ +mi ® 4+ +m2 ® " • • ® 4+ +mn , <P)- (2-10) 

Let AT >> be a sufficiently large integer. Then for 5RA > L we have the following 
equalities in the space X>'(M) of 1-dimensional distributions. 



v 



LX+rrii 



\r- 1 



G.nW + E ?J— lk(A+^) 5(r " 1)(a;i) = x ' 2 ' • • • ' (2.1i; 



where G^^X) G is a 1-dimensional distribution defined by 

-1 /•+0O 



(Gi, N {X),<f>)= g hN (X,t)^ N \t)dt+ t hX+m ^(t)dt (0GC o °°(M)). (2.12) 



Here g", jv(A, t) is an integrable function of £ G (0, 1] for A G C such that 3?A > m »+ JV + 1 , 

Putting this new expressions of the 1-dimensional distributions x^ +m into fl2.10p we see 
that G(ip)(X) is extended to a meromorphic function on {A G C | !RA > L^}, where we 
set 

. (rm + N + 1 m 2 + N + l m n + N+l\ 
L N = -mm | , , ■ ■ ■ , 1 . (2.13) 

Since the integer >> can be taken as large as possible, G(<p)(X) is meromorphically 
continued to the whole complex plane C. Moreover the poles of this meromorphic function 
G((p)(X) are contained in a discrete set P in C defined by 

Uf mi + 1 m; + 2 rrii + 3 1 m „ 

| -j—, | C M <0 C C. (2.14) 

An element of P is called a candidate pole of G(ip). Let us rewrite this set P as 

P = {-Ai > -A 2 > -A 3 > } (Aj G R>o). (2.15) 
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For each candidate pole — Xj G P of G(ip) we define a subset Sj of {1,2, ... ,n} by 

Sj = {1 < % < n | 3 r G Z >0 such that 1 = A,} (2.16) 

'i 

and set fcj = jjSj. Then we can easily see that the order of the pole of G(<p) at A = —Xj 
is less than or equal to kj. For a candidate pole — Xj G P of G(ip) let 

+ + 7T^T^ + 7T^Vt + feeK) (2-17) 



(A + Aj)*' (A + Aj) 2 (A + Aj) 

be the Laurent expansion of G(y?) at A = — Aj. For each i G 5j C {1,2,..., n} we define 
a non-negative integer z/j G Z + by the formula 

m * + 1 + ^ = A r (2.18) 



Proposition 2.2. Let 1 < k < kj. Then the coefficient a^k of (X+Fp ^ n ^ e Laurent 
expansion of G(ip)(X) at X = —Xj is written as 

1 f d is - k } 

°^JL(l^i^ Ps(A) Lv (2 ' 19) 



Sc5j:tt5>fe 

where for each subset S C Sj of Sj such that §S > k the function ps(X) is holomorphic at 
X = —Xj and written as follows: 

For the sake of simplicity, assume that S — {1,2, ... ,1} for some I > k. Then we have 

l j » n 

^( A ) = 1 1 7T7T x / I! 9i(Kxi) 

i=1 H v i- 7{xeK"|xi=-=xj=0} i=/+1 

X I dx Ul ■ ■ ■ dx Ul ^ X > I dXl+1 ' ' ' dXn ' ^' 20 ^ 

where gi{X, •) (i — I + 1, . . . , n) are 1- dimensional integrable functions with holomorphic 
parameter X at X = —Xj. 

When kj — §Sj — n we have the following very simple expression of a Jiri . 
Proposition 2.3. // kj = §Sj = n, we have 



0>j,n 



Similarly let us set 

H(<p)(X)= I \ Xl \ hX+mi \x 2 \ hX+m2 ■■■\x n \ lnX+mn ip{x)dx (2.22) 

Then H(tp) can be also extended to a meromorphic function on C whose poles are con- 
tained in the set P C K<o- Moreover the order of the pole of H(ip) at A = — Xj G P is 
less than or equal to kj. For a candidate pole — Xj G P of H(<p) let 

hkl + + 7V^ + 7T^Vt + feeR) (2.23) 



(A + Xj) k i (X + Xj) 2 (X + Xj) 

be the Laurent expansion of H(ip) at A = — A^ 
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Proposition 2.4. Let 1 < k < kj. Then the coefficient bj^ of p^rps in the Laurent 
expansion of H(tp)(X) at A = — A^ is written as 

^S,.wM^ ( ^v (2 ' 24) 

where for each subset S C of Sj such that §S > k the function t,s(X) is holomorphic at 
A = —Xj and written as follows: 

For the sake of simplicity, assume that S = {1, 2, . . . , 1} for some I > k. Then we have 



i=1 ^{o:eR' l |a: 1 =-=a: ! =0} i= j +1 



C hf; 1 

l 9a? i 1 ---<V J !B1= „. =Bl= o 

where gi(X, •) = i + 1, . . . , n) are as in Proposition \2.0A 

As a special case of this proposition, we obtain the following. 

Corollary 2.5. Let 1 < k < kj. Assume that for any S C Sj with §S = k there exists 
i G S such that Vi is odd. Then we have bj^ = ■ ■ ■ = bj^ = 0. 

If kj = jjSj = n, we can also obtain the following explicit expression of bj >n . 

Proposition 2.6. If kj = §Sj = n, we have 

n^^je^a^m. (2.26) 

3 Vanishing theorems for the poles of local zeta func- 
tions 

Let / be a real-valued real analytic function defined on an open neighborhood U of G M. n . 
Then for any real- valued test function <p G C£°(U) the integral 

Z f (<p)(\)= [ \f(x)\Mx)dx (3.1) 

converges locally uniformly on {A G C | 3?A > 0} and defines a holomorphic function there. 
Moreover it is well-known that Zf((p)(\) can be extended to a meromorphic function 
defined on the whole complex plane C (see pQ, [H] and [18] etc.). In this section, assuming 
that the real hypersurface {x G U \ f(x) = 0} has an isolated singular point at G U C 
M n , we prove some general vanishing theorems on the poles of the local zeta function 
Z f (ip)(X). First, let 

f{x) = a ^ a K e R) (3.2) 

be the Taylor expansion of / at G W 1 . 
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Definition 3.1. (%) Let T+(f) C R™ be the convex hull o/U QaQ ^o( a + R +) m R + = M >o- 

We call r + (/) t/ie Newton polygon of f . 

(ii) For each compact face 7 -< r + (/) ofT + (f) we set 

f,y(x) = a a x a G M[xi,x 2 , • • • (3.3) 

VFe ca// / 7 (x) i/ie 'y-part of f . 

From now on, we assume that / satisfies the following condition. 

Definition 3.2. We say that f is non-degenerate if for any compact face 7 -< r+(/) of 
r + (/) we have: 

at any point x of {x G R n | X\X 2 ■ ■ ■ x n ^ 0, / 7 (x) = 0} C (R \ {0})". 

For the sake of simplicity, let us assume also that / is convenient: for any 1 < i < n 
we have r + (/) fl {a G R™ | a>j = for j ^ i and ctj > 0} 7^ 0. Then by the results of 
Varchenko [18] (see also [I] and [9]) we can describe the candidate poles of Zf((p) in terms 
of r + (/) as follows. First Let E be the dual fan of T + (f) and E a subdivision of E such 
that the real toric variety X^ associated to it is smooth. Since E = {cr} is a family of 
rational polyhedral convex cones in R™ such that R™ = Uo-gsO" there exists a natural proper 
morphism it : X^ — > R n of real analytic manifolds. By using the convenience of /, we can 
construct a smooth fan E such that tt induces a diffeomorphism Xs\7r _1 (0) R n \{0}. 
Moreover by the non-degeneracy of /, the pull-back f o 71 : X^ — > R of / to X^ defines 
a hypersurface {f ° tt = 0} in X^ with only normal crossing singularities. In order to 
describe tt : Xs — ► R™ and / o tt we shall prepare some notations. By the smoothness of 
Xs, on any cone a G E such that dimcx = fc there exist exactly k edges (i.e. 1-dimensional 
faces). Let a 1 (a), a 2 (a), . . . ,a h (a) G da fl (Z n \ {0}) be the non-zero primitive vectors 
on these edges of a. We call {a 1 (a) , a 2 (a) , . . . , a k (a)} the 1-skelton of a. For each n- 
dimensional cone a G E we fix the ordering of its 1-skelton {a 1 (a), a 2 (a), . . . ,a n (a)} so 
that the determinant of the invertible matrix 

A{a) = {a\a) 3 }l J=l e GL «( Z ) ( 3 - 5 ) 
is 1. For a cone a G E and 1 < % < dimcr we set 



l(a i (a))= min (a*(cr), a) G Z+ (3.6) 
«er+(/) 



and 



la 1 ' 



Mh^aH-e^ (3-7) 

Now let a be an n-dimensional cone in E and R n (<r) ~ R™ the affine open subset of 
Xg associated to o. Then the restriction 7r(er) : R n (er) — > R" of tt : X^ — > R" to 
R n (cx) ~ R™ and its Jacobian J(ir(cr)) : R™(cr) — ► R are explicitly given by 

tn n n \ 

tivt^tivt^,--' ,tivt ia)n , (3.8) 
i=l i=l »=1 / 
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J(n(a))(y) = . . . ^"Ml-i. (3 . 9) 

Moreover on M n (cr) ~ IR™ we have 



U°^)){y) = Uy)*X[y l l {al{CT) \ (3.io) 



i=i 



where f a is a real analytic function defined on 7r(o") _1 (?7) C R n (o). By the non-degeneracy 
of / the hypersurface {f a = 0} intersect all coordinate subspaces of M n (er) transversally. 
In particular, we have / CT (0) 0. For < k < n let C E be the subset of E consisting 
of fc-dimensional cones. 

Definition 3.3. (see |2J/ and JTffl etc.) Let P C Q<o be the union of the following 
subsets o/Q<o' 

{-1,-2,-3, }, (3.11) 

l-jfrrlv - f/u'tw 1 (a G SMc/i that /(al(a)) > 0) - (3 - 12) 

By the results of [18], the poles of the local zeta function Zf(<p) are contained in the 
set P. An element of P is called a candidate pole of Zf(<p). We order the candidate poles 
of Zf(<f) as 

P = {— Ai > -A 2 > —A3 > } (AjGQ> ). (3.13) 

Hereafter we fix a candidate pole — Xj G P of Zf(ip). 

Definition 3.4. (%) Let a G E. For 1 < z < dimcr stzc/j i/iai I (a 1 (a)) > a^er) G 

M™ ; we set 

* ((T) = \7RR) ' Z(a<(<r)) ' J C Q> °- (3 - 14) 

^mJ For i/ie candidate 'pole —Xj £ P of Zf(tp) and < k < n we define a subset E^- 0/ 
E( fe ) &y 

Sj. fc) = {a G E (fc) I l(a l (a)) > and Aj G iT(a) /or 1 < i < k}. (3.15) 
fm) For cr G E^- and 1 < % < k we define a non-negative integer G Z + by 



= IgM+jfe* (3.16) 

After [lj and [H] the following result is well-known to the specialists. 

Theorem 3.5. (i) Assume that Xj ^ Z. T/ien the order of the pole of Z(<p) at X = —Xj 
is less than or equal to 

kj := max{0 < k < n | Ef ) ^ 0} G Z+. (3.17) 

(wj Assume that Xj G Z. T/ien £/ie order of the pole of Z(ip) at X = —Xj is less than or 
equal to 

kj := 1 + max{0 < k < n | Ef ) ^ 0} G Z+. (3.18) 
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Now let 



a '* (<P) + + 7^ + 7^ + M^«) (3-19) 



(A + A^ (A + Xj) 2 (A + Xj) 

be the Laurent expansion of Zf(tp) at A = —Xj. Then we obtain the following result which 
generalizes that of Jacobs in [8]. 

Theorem 3.6. (i) Assume that Xj is not an odd integer and let 1 < k < kj. Assume 
moreover that for any o G £^ there exists 1 < i < k such that v(o~)i is odd. Then we 
have a jt k(f) = ■ ■■ = a ilfcj (y?) = 0. 

(ii) Assume that Xj is an odd integer and let 2 < k < kj. Assume moreover that for any 
o G Tjj k ^ there exists 1 < i < k — 1 such that v(o\ is odd. Then we have aj^(ip) = ■ ■ ■ = 

Proof, (i) Since suppy? is compact and tc : — > ~R n is proper, there exists finite C°°- 
functions (p q (1 < q < N) on X s such that Y^=i = 1 on supp(<£> o n). We may 
assume that for any 1 < q < N there exists an n-dimensional cone a q G T^ n ' such that 
supp^q CC W l (a q ). Then we have 

Zf{y){X) = 

N „ n 

= E / ni^l' (aI(<T9))A+|aIK)hl x l/'/M x ^o7r(a q ))(y)^(y)dy. (3.20) 

,=1 J* n (<r 9 ) i=l 

We divide the proof of (i) into the following two case. 

(I) First assume that Xj is not an integer. Then by (the proof of) Proposition 12.21 aj jk (ip) 
can be written as a 

N 

%,^) = EE E J »' ( 3 - 21 ) 

q=l l>k CTeE (0 



3-1 



where for 1 < q < N and < I < n we set 



= {cr G Sf | a -< aj. (3.22) 

Moreover for Z such that k < I < n and o G the number J q (a) is expressed as follows. 

J M = (7^)T x ^^( A )U=-a,- (3-23) 

Let us explain the function p q ^(X) which is holomorphic at A = — Xj. For the sake of 
simplicity, we assume that {a 1 (a g ), a 2 (a 9 ), . . . , a\a q )} is the 1-skelton of a -< a c/ . 

(a) (The case where suppy? g n {y G M n (a g ) | .f CT? (?/) = y% = y 2 = • • • = Z/j = 0} = 0) We set 

P Q , CT (A) = TT 77 r-f v w rr / I f //,(A.//,) 

A A Z(a i ( ( x (? ))z/(a (? ) J ! y {3/1= ... =?/i=0} 

Qf(o. s )i+-+i/(o- 9 )i 

X Z7K)7 {I^«I A (V ° 7r (^))^}, 1 =...=y i =o^+i ' ~ d V», ( 3 - 24 ) 
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where gi + i(X, ■),... ,g n {X, •) are 1-dimensional integrable functions with holomorphic pa- 
rameter A at A = — Xj G P. 

(b) (The case where suppy^ n {y G M n (cr 9 ) | f aq (y) = 2/i = 2/2 = ■ ■ • = yi = 0} ^ 0) 
For 1 < i < n set Hi = {y G M. n (a q ) \ yi = 0}. Then we may assume that {1 < i < 
n | supp^g D Hi ^ 0} = {1, 2, . . . , r} for some r > I. In this case, by a real analytic local 
coordinate change $ : (?/i, . . . ,y n ) i — > (zi, . . . , z n ) such that = yi (1 < z < r) which 
sends the hypersurface = 0} to {z n = 0}, the function p q ^(X) is expressed as 

/ 1 1 + (-l)^ "?)' \ /" ( r \ 



vi=i+l 



dz i+1 ■ ■ ■ dz n , (3.25) 



where 



F ( A ' Z ) = II \yi\ l{al ^ ))x+ \ al{a " ) \- 1 o^- 1 (3.26) 



\i=r+l 



is a real analytic function on a neighborhood of $(supp</? g ) and <j7 + i(A, •), . . ., g. r (A, •) 
and g n {X, •) are 1-dimensional integrable functions with holomorphic parameter A at A = 
-A, G P. 

Now by our assumption, for any a G (/ > /c) there exists 1 < i < Z such that u(a q )i 
is odd. Therefore we obtain a,j k((p) = in this case. In the same way, we can prove also 
that a jjk+1 ((p) = ■■■ a,j tkj {<p) = 0. 

(II) Next assume that Xj is an integer and set m := Xj. Then by (the proof of) Proposition 
12.21 a Ji fc( < ^) can be written as 

N 

E(EE J » + E E J » } > ( 3 - 27 ) 

9=1 I l>k CT6S (0 2>fc-l CT6S « 



where for Z such that k — 1 < I < n and a G the number J q (<j) is expressed as follows 



j,q 



Let us explain the function T gcr (A) which is holomorphic at A = —Xj. For simplicity, 
we assume that {a 1 (a (? ), a 2 (a q ), . . . , a z (cr 9 )} is the 1-skelton of a -< cr 9 . If supp</?q fl {y G 
^K) I /«T,(y) = 2/i = 2/2 = • ■ ■ = yi = 0} = we set r q>a (X) = 0. If suppy2 9 n {y G 
K n (o" g ) I /<r,(2/) = 2/i = 2/2 = • • • = Vi = 0} ^ 0, assuming as in (b) that {1 < i < 
n I supp<^ g C\Hi 7^ 0} = {1, 2, . . . , r} for some r > / and using the local coordinate change 
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<3> used in (b), the function T ga (X) is expressed as 



i 



Z\=—=Z\=Z n 



dzi+i ■ ■ -dzn-i, (3.29) 

where F(X, z) and g/ + i(A, •),..., g r (X, ■) are as in (b). Then, as in (I), by our assumption 
we obatin J q (cr) = for any cr £ T,y (I > k). Moreover, since by our assumption in (i) 



the integer m = Xj must be even, we obtain J 9 (cr) = for any a G (I > k — 1). 
Therefore we get aj^if) = in this case, too. In the same way, we can prove also that 
aj,k+i(<p) = • • -a j,k (f) = 0- This completes the proof of (i). The remaining assertion (ii) 
can be shown similarly. □ 

By this theorem we see that many candidate poles of Zf(ip) are fake, i.e. not actual 
poles. We can also find a nice condition on the test function (p G C£°(R n ) under which 
we have the vanishing dj,ki}P) = ■ ■ ■ = o,j,k-i}P) = 0- For this purpose, we introduce the 
following subset A ^ of R™ . 

Definition 3.7. Let 1 < k < kj. 

(i) For a G we define a compact convex subset A a - k o/R" by 

AJ fc = {a G R™ | {a* (a), a) < u(a)i for any \<i< k}. (3.30) 

(ii) We define a compact subset Aj^ o/R" by 

A jJt = |J Al k . (3.31) 

Note that Aj^ is not necessarily a convex subset of R™. It follows also from the 
definition that we have Aj^ D A?\fc' for 1 < k < k' < kj. In order to state our another 
vanishing theorem, let 

ip(x) = c *x a {c* e R) (3.32) 
be the Taylor expansion of the test function ip at G U C R n . 

Theorem 3.8. (i) Let 1 < k < kj. Assume that Xj is not an odd integer and {a G 
^+ I c a 7^ 0} R Aj t k = 0. Then we have aj t k(<p) = ■ ■ ■ = Oj,*, ■(</?) = 0. 
(ii) Let 2 < k < kj . Assume that Xj is an odd integer and {a G r SI\ \ c a ^ Oj-nA^fc-i = 0- 
Then we have a,j 7 k(ip) = ■ ■ ■ = a-jfciv) — 0. 

Proof. We use the notations in the proof of Theorem 13.61 

(i) Since the proof for the case where Xj is an integer is similar, we prove the assertion 
only in the case where Xj is not an integer. In this case, we have 

N 1 d l ~ k 

9=1 l>k CTeE W 1 h 
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where the function p 9)(T (A) is holomorphic at A = — Xj (for its expression, see the proof of 
Theorem 13.61) . For a G Z™ let if) a G C™(U) be a test function on U such that -?/>a = x a 



m a neig hborhood of G C R n . For 1 < q < N and tr G E$.° g (/ > jfe), assume for 
simplicity that {a 1 (a q ),a 2 (a q ), . . . ,a l (a q )} is the 1-skelton of o -< cr g . Then in an open 
neighborhood of {y G M n (a g ) | y\ — ■ ■ ■ — y\ — 0} C C X E we have 

ty« o 7r(cg))(y) = yf M ' a) ■ --yf^. (3.34) 

Moreover, by the definition of Aj-^, if a ^ A^j. then we have a ^ A^y and there exists 
1 < i < I such that (a l (a q ), a) > v[a q \. This implies the vanishing of the function 

Qv(o q )^ Vv{a q )i 

r^{l/J A (^ 07r K)W n = °- ( 3 - 35 ) 

dy^ 17 "' 1 . . . dy u ^ Uq ^ 1 1 qjJTq >yi= - =vi=o v ' 

By applying this vanishing result to the expression of p q ^{X) (in the proof of Theorem 
I3.6p . we see that if {a G Z" | c a ^ 0} fl A Jjfc = the vanishing Oj^y?) = holds. In the 
same way, we can prove also that aj t k+i(f) = ■ • •%,fc(<p) = 0. This completes the proof 
of (i). The assertion (ii) can be shown similarly. □ 

Now let us consider the following two local zeta functions. 

Zf(<P)W = [ &(x)<p{x)dx. (3.36) 



Note that we have Zf(cp) = Zt(<p) + Z (if). Then the poles of these lcoal zeta functions 
Z^((p) are also contained in P and their Laurent expansions at a candidate pole A = 
— Xj G P have the following form: 



+ + 7T^ + 7T& 6 R) (3.37) 



(A + Xj) k i (A + Xj) 2 (X + Xj) 

(see for example pQ, [9] etc.). By the proof of Theorem [331 we obtain a vanishing theorem 
also for the coefficients af k ((p) of the poles of Z A(p). 

Theorem 3.9. (i) Let 1 < k < kj. Assume that Xj is not an integer and {a G Z™ | c a ^ 
0} fl Aj t k = 0- Then we have a^ k ((p) = ■ ■ ■ = a^ k .((p) = 0. 

(ii) Let 2 < k < kj. Assume that Xj is an integer and {a G Z™ | c a ^ 0} fl Aj^-i = 0. 
Then we have af k (tp) = ■ ■ ■ = a^ k .(Lp) = 0. 



4 Explicit formulas for the poles of local zeta func- 
tions 

In this section we give some explicit formulas for the coefficients a Jjn (<p), a^ n (<p) of the 
deepest poles A = — Xj G P of the local zeta functions Zf(cp), Z^((p) introduced in Section 
[3j We inherit the situation and the notations in Section [3j Let — Xj G P be a candidate 
pole of Zf(tp). 
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Definition 4.1. For o G E^ and a G Z™ we define an integer /i(<r, a)i by 

H(cr, a)i = u{a)i - (a* (a), a) G Z. (4.1) 

Theorem 4.2. Assume that Xj is not an odd integer and kj = n. Then the coefficient 
dj in ((p) of the deepest possible pole A = — Xj G P of Zf(cp) is given by 



aj,n(<p) 



V I V M7 1 + (~ 1 ) K(T) ' \ ^)i+-+M(^)n A 



QGA J." I tTGS 



x (4.2) 
a! 



where for jj, < we set = 0. 

Proof. Since Aj is not an odd integer, by the proof of Theorem 13.61 we have 



^(ct)iH h^(cr) n 



X ■ 



-T^ilM^ivwia))} n . (4.3) 



fyi ■■■dy n 
Now let 

be the Taylor expansion of at G M". Since aj >n (x a ) = for a ^ Aj >n by Theorem 13.81 
and we have 

(x-oTr^))^)^^ 1 ^---^"^^ (4-5) 
in a neighborhood of G R n (a) for any cr G S^, we obtain 



aeA, in 



X 



^ UJ- Z(a*(a)) x „(,)«! ) dyph . . . ay**)* V Ul Vl Vn 

9fr(o) 



a! 

Then the result follows from the Leibniz rule. This completes the proof. □ 

In order to state similar results for ay n ((p) we define two integers c±(cr) (a G Ej n) ) as 

follows. First set {±l} n := {s = (ei,e 2 , ■ ■ ■ ,e n ) \ £j = ±1}. For a G E^- we define subset 
Q±(a) of {±l}"by 



Q ± (a) = {e = (sue,, ...,£„) | ± f„(0) x jjej^ > 0}. (4.7) 
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Let us explain the meaning of Q±(cr) C {±l} n . For each e = (ei, . . . ,e n ) G {±l} n we 
define an open subset V £ of R n (a) ~ IR™ by 

V e = {{y u y 2 , ••• , y n ) e R n (a) \ e iVi > for any 1 < i < n}. (4.8) 

Then there exists a sufficiently small open neighborhood W of G M n (o") such that 
±(/ o Tr(a))\wr\v £ > for any e G Q±(cr). Namely Q±(<r) is naturally identified with the 
set {V e } e; zQ ± ( u ) of open quadrants in M n (cr) ~ M™ such that ±(/ o 7r(o~))\wnv £ > in a 
neighborhood of G M n (a). 

Definition 4.3. For a G £^ we se£ 

c ±(^)= E (iK^W (4.9) 

eeQ ± (cr) \i=l / 

Note that for any a G we have 

n 

c + ( ( x) + c_( ( T) = n{l + (-ir (a)l }- (4-10) 

i=l 

Theorem 4.4. Assume that Aj zs noi an integer and kj = n. Then the coefficient af n ((p) 
tht 



of the deepest possible pole A = — Aj G P of Z^(ip) is given by 




1 \ cm(a,a)i-\ \-fi{(r,a) n 

I — If \-*i(Q) 

\ Z(a*(£r)) x fi(a, a)i\ J dy^ a)l ■ ■ ■ dy^ a)n 



(4.11) 

where for fi < we set d 



5 Asymptotic expansions of oscillating integrals 

In this section, combining our previous arguments with those of [I] and [IB], we obtain 
some results on the asymptotic expansions of oscillating integrals. As before, let / be 
a real-valued real analytic function defined on an open neighborhood U of G M n and 
<f G C£°(U) a real- valued test function defined on U. We inherit the notations in Section 
[3]and|H Then the oscillating integral If(<p)(t) (t G M) associated to / and if is defined by 

I f (<p)(t) = [ e itf{x) if(x)dx. (5.1) 

Here we set i = a/— 1 for short. By the fundamental results of Varchenko [H] (see also 
[1] and [9] for the detail), as t — > +oo the oscillating integral If(f) (t) has an asymptotic 
expansion of the form 

oo kj 

j=i k=i 
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where Cj t k{<p) are some complex numbers. Despite the important contributions by many 
mathematicians (see for example pQ, [2], [6] and [T7] etc.), little is known about the 
coefficients Cj^{f) of the asymptotic expansion. First of all, we shall give a general 
vanishing theorem for these coefficients Cj t k(ip). Let us fix a candidate pole — Xj G P of 
the local zeta function Zf(ip) and let 

(p(x) = c ^ a (ca G R) (5.3) 
be the Taylor expansion of the test function cp at G U C R n . 

Theorem 5.1. (i) Let 1 < k < kj. Assume that Xj is not an integer and {a G Z™ | c a ^ 
0} fl Aj^ = 0. Then we have Cj 7 k(<p) = ■ ■ ■ = Cj^^ip) = 0. 

(ii) Let 2 < k < kj. Assume that Xj is an integer and {a G Z™ | c a ^ 0} fl &-j,k-i — 0- 
T/ien we have Cj t k(<p) = ■ ■ ■ = Cj,%(^) = 0. 

Proof. By using the results of [1] and [18], the result follows immediately from Theorem 
EH □ 

Next we give an explicit formula for the coefficient Cj >n (ip) of t~ Xj (\ogt) n ~ l in the asymp- 
totic expansion (15. 2p . For this purpose, we define two real numbers bf n (<p) G R by 



a/i(<r,«)iH \-n{cr,a)n 

IM^(O) 




L /(a i (a))/i(a, a)*! / ^f {,7 ' a)l • • • dy^ a) 



(5.4) 



where for /x < we set Jpr(-) = 0. Recall that if Aj is not an integer we have a^ n (y>) = 

Theorem 5.2. The coefficient Cj jn ((p) oft~ X] (logt) n_1 in the asymptotic expansion (15.21) 
of If {ip) is given by 



Proof. We use the notations in the proof of Theorem 13.61 By the arguments in pQ and [9] 
etc. we do not have to consider the contributions from =0} (g = 1, 2, . . . , N). Then 
the result follows from (the proof of) Theorem 14.21 and 14.41 □ 
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